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lasttime we provedtheorthonormaldecomposition

4 YatYat with Yu Encaj4 ej a j anONS where YuYt 0 and

thus c4,4 cYatYatYatYat ch kns t ctutYuto

This impliesthefollowinginequalities

Besselinequality 1141122É kaj4 I f ke th ne k followsdirectlyfrom

orthonormaldecomposition 4,4 2 YuYu

Cauchy Schwarz ka4 tellall 11411 Ka ked followsfromBesselfor

us 1 O Ell

PolarisationidentityforcomplexH

ca k t let411 Ila411 illati411 title i411 Ky Kele

checkbydirect calculation bforreal tl cake I let4112119411

Next somebasicconsequencesof theconceptof orthonormalbasis

Definition3.7Asequence gl in H iscalledorthonormalbasisONB if 4 51cap4 y theH
W

meaning114 ETces4 6,11 80



NoteWithZorn'slemma everyvectorspacehas abasis in thecontextof infinitedimensional

IR or a vectorspacescalledHamelbasis meaningeveryrectorcanbewrittenuniquelyas

a finitelinearcombinationofbasisvectors recalllinearAlgebra ThusONBs are
a differentnotion butobviouslyitmakesalotofsensetoalsocallthembasis

Consequences hereH is aHilbertspaceand a an ONB

Thegeneraldefinitionof separabilityfortopologicalspaces istheexistenceof a countable
densesubsetBythisdefinition one canshowthat aHilbertspaceisseparable iff ithasanONB

Proof ETla tib u New ajbjeD isclearly a countabledensesubset

of a complexHilbertspace

suchthattheremainingEubie arestilllinearlyindependentbutstill spanJie H
recallthatfor is dim.ve rspacesthis

The
remaining

basiscanbemadeorthonormalby fÉIdlinearAlgebra

Notes Inthisclass we are onlyinterestedinseparableHilbertspaces
Examples of non separable spaces

tensorproductvigorouslyintroducedlater

Gmore fromphysics infinitespinchain EE G reasonthinkofthetwobasisvectors
inQ as Oand1 thenbasisvectorsinthe
infinitetensorproductareallQ1sequences
butthereare asmanysuchsequencesasreal
numbersI





Then U4 aesÉ cen at j

and Yell since Enc je Ilie cEngle EICia IT IsI O Ieee'll O

AllinfinitedimensionalseparableHilbertspacesare isometricallyisomorphic to l
andthustoeachother FinitedimensionalHilbertspaces are isometricallyisomorphicto d

be is thecoordinatespaceforanyseparableHilbertspace ofinfinitedimension

anychoiceof ONB givesus anisometricisomorphism

Example Lynleywith a latte is anONB for Yam

Y E CenY on is theFourierseriesof4

Note Sowhy are we even interestedin differentHilbertspaces Becauseweareoften

interestedinextrastructuree.g operators
onHilbertspacesThinkofFourierspace

wheredifferentialoperatorsbecomemultiplicationoperators Orthinkofdiagonalization
in

Finally we notethat Hilbertspacescanbedecomposed orthogonally

Definition3.14 ForanyÉÉÉ we call Mt Yell ce4 0 keen the

orthogonal complementofM



Note Mant183
Mt is a closed subspaceofH

can
continuous thin ear

Theorem3.15 letMcdbeaclosedsubspaceThenH M Mtmeaning K Yell

wehave 4 6 at withunique eeMiateMt


