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Recall let It Dlitl H with Dlitt a densebelinear It generates a strongly
continuous

gropofunitariesUlt if
i DlA YeH t t UH4 is differentiable

i i For YeDlAl wehave ifUH4 UHIHY

letuscollect someimportantpropertiesof generators

Proposition3.33 let It be generatorofUlt Then

i Utt DIHI DIA Ft i.e Dlitt isinvariant underUH

ii ItUlt 4 0 KYE DIHI where AB ABBA isthecommutator

iii It is symmetric i e c It4 a c4He V e Ye DlAl

in U is uniquelydeterminedbyH and it isuniquelydeterminedbyU

Proof HW 9

Example Translationoperator on L IR

let usconsiderTHI L IR L IR I whereHH4 HE 41x t
Wealreadyintroducedthisoperatoron S asthepseudodifferentialoperator e

it fit So we
would

guessthatDo if withdomain DID H R is thegeneratorofthe

stronglycontinuousunitary oneparameter group Ttt This isindeedso iproofinHw9



ExampleTranslationoperator on L on

Wewanttodefinetranslations as a unitary group
Titi4 at shiftbit totheright

put4backinontheleft
otherwiseisometrywouldbeviolated

For te tall an obvioustranslationoperator is

Iggy
TCH4 1

H H it x teToi

How can if be a generatorhere

G if T.lt 4 x onlyexistsin t if 4101 411 414

x

Moregenerally let us define translations for tetall as

Taft 4 1
H H if x teton
it 4A tell if x too

forany phasefactorO etoare

To t is clearlyunitary and wedefineTo forall tellbythegroupproperty

leg if t.seToil thenToisdef on10,21byToHest T.lt To1st

Now To To for 040 so accordingto Proposition3.33 in their generatorsmustbe

different



Consider Do DID 2450.11 4ns ifY withdomain

DID a KEHIM et04111 4101in an
indeed4isdefinedpointwisebecause

t 4 FyeHR oftheSobolevlemma HalCCIR

s t Clean Y

Then indeedDo isthe generatorofTo

Consistencycheck ForYeeHlion we find

c4 if a I 4in l i fealdx
integration

if yacell 41014101 t c if4 4byparts

Therefore if not symmetric onDma H150,17 boundarytermsdonotvanish so

if withdomainDmax isnot a generator
OnDo andDmin YeH To11 4101 0 4111 if is symmetric
boundary termsvanish ButonDuinit is not a generator so symmetry is a

d
necessarybutnotsufficient condition Duinisnotinvariantunder

anyTo
Conclusions

In applications weoftenknowoperators formally I if in thisexample butwemightnot
knowthedomain It is usuallymostconvenient tochoosethedomainsmall niceregularfats

but if wechoose it toosmall Dmininthisexample wemightnotget a generator
Thenwe try toenlargethedomainbut if we enlarge it toomuch IDmax inthisexample
weagainmightnotget a generator Notethatenlargingthedomaindoesnotnecessarilyleadto
a unique generator manypossibilitiesDo inthisexample




