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lasttime For A e fill theadjointA is theuniqueoperatordeterminedby
4Ay CA 4 a H Y yeH

Ae Lite selfadjoint A A A symmetric

Unitaryoperators canbenicely characterized in theadjoint

Proposition3.45 Ue Site gggtyg.it donly if
U a

Proof I Wecompute c u u4 4,4 ca uggs c4 us

cUyUys c4 y s

c4 us c4 e s

O K 4 ee te so U'tu id

sinceU surjective Uu u U implies UU't id so U U't

If u u thenUissurjective

Isometry cUyUys ca a46 cuta4 as c4 as o

Nowwe canmaketheconnectionto generators

Theorem3.48 let He Site beself adjointThen e it If in defines

a unitary
groupwith generatorH with

domain Datt H Moreover

U IR SoHel t t e
it t is uniformly differentiable



Proof AW Sketch

Welldefinedness showthat É II is a Cauchysequence in soHel norm

Groupproperty directcomputation

Vuitarity Carefully compute c e e
int y tofind e

t
ishowit equals e

int

Uniformdifferentiability Needtocheckonlyat t 0 why Estimate4111 Iid LittIlla
Schrodingereq clearfromuniformdifferentiability

Sofor bounded linearH H H we canmake senseof e it t410beingthesolutionto

if441 1414andwehave
A symmetric It selfadjoint e A generatorof Ultke int

For unbounded Hleg It containingdifferentialoperators we willhave a similar connectionbut
thedefinitionof selfadjointnessis moresubtle

Wealready saw earlier thatthere are unboundedoperators A DIAl H withdense

domain DlAl thatsatisfy caA4 cAce4 KaYeDIA i.e that are symmetric

but thatcannotbegenerators The examplewas if Dui 2450.131

The term unbounded operator is usuallyused for a notnecessarilybounded linear
operator definedon somedomain Moreprecisely



Definition 3.49

a Anunboundedoperator is a pair T DITI of a subspace DIT le H thedomainofT
anda linearoperatorT Ditto th If D't is densein H

ftp.ggYII IthenT is called denslydefined

points

b IS DISI is called an extensionof IT DITI if Dist 2 DIM andSID T

Thisis denoted S T

c IT DITI l is called symmetric if ca Ty Tu Ys ta YeDIT

Eg Ha DlHal f f Hindi is a symmetricdensly defined unboundedoperator

HoDitto1 E C Rd also and H Ho 1It extendsHo

Nowrecalltheexampleof if on to1 Weneedtochoose if symmetricbutthe
domainmustnotbetoosmall e.g theSchrodinger

evolutionleadsinitialconditionsin

Duinoutof Dmin Duinwasnotinvariantunderany to Sowhereexactlydothey
go

Considermore generally some symmetric HoDitto and a symmetricextension H Dl it

Suppose thesolutionto if 414 H 4 t forinitialdata4101EDIIt stays inDCHal at
leastforsomesmall timebutnotnecessarily in DIHo For ye DlIt wehave

CH414 y c4H H y 414 Hoy So thisexpressionstillmakessenseevenif

4144Ditto Naturally we woulduse thisexpressiontodefinetheadjoint



So ouridea is that e
it t makes 4101EDIIt I evolveintothedomainof the tobe

properlydefined adjoint If thedomainoftheadjointisthesameasthedomainofthe
operatortheSchrodingerevolutionleavesthedomaininvariantandallis good

Therefore we define

Definition 3.53
alwayssomeHilbertspace

let IT DITIl bea denshydefined linearoperator on tf Thenwedefine

DIT Ye te FyeH s f 4 Ty y y Kee Dal

SinceDIM is dense y is
determined uniquelyandwe definetheadjointoperator as

T DIT l H Kat Y y lyasinthedefof D IT

Note Forboundedoperators thisdefinitioncoincideswiththeadjoint aspreviouslydefined

DuetoRiesz thedefofDCT is equivalent to

D T I Ye H p te c4Ty is continuous on DITI

Bythisdef T DIT l islinear butnotnecessarily denslydefined and

of course 4 Ty at 4 y V4EDITH y eDIT

Definition 3 56

let IT DIT bea densly definedlinearoperatoron H It DITI iscalledselfadjointif
DIT I DIT and TE T on DIT


