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4 Mean fieldDynamicsforBosons

4 1 HartreeTheory
nephing

constant

Weconsiderthe Hamiltonian He Ei I I Vai y andthe

associated many body Schrodinger equation if Elt He4H with HE CRY

and Yt x Xn Yet one tom theSn So symmetricgroup all permutations

of 11 N Ynsymmetric bosons

The choiceof it as couplingconstant iscalled meanfieldlimit It describesweak
interactionandis a simplemodelof a BoseEinstein condensate BEC

Wellposedness

WithKatoRellichandHW11 wefindthatHeis selfadjoint onDHal H'CRY

if v IR IR evenand v v vewith me 2111231 he0111231 wewrite ve C

Inthissection weaimatstudying the dynamics ofinitialdata

forsomeGt R

Suchinitialdatamean that all particles are iid distributed

Wehopetoprovethatalso Yutin x 11eᵗ xi forsome eltle R in the

limit is a






































































































































Whatequationshouldhold for 1H

Idea let Xi be an iid randomvariablewithdistribution 19411

Then ET Xi y should
convergeto Sdx uh yl14h11 v let

2
ly

as Nsa accordingto thelawof large numbers

Thus we guess if Celtix Acetix 4 16411 x ylt.nl
h Hx

This is calledHartree equation It is a nonlinear PDE andoneexampleof a
non linear SE NCS Thus our previous wellposedness resultsforthelinear SEdo
not applyWecomebacktothequestionof wellposedness later

Butnotethatformally

1144111 celtliatti adf.eetlieltlstceltldfeltl

assumingquiette
if Acett 4 194112 Elt elt i alt I Salt lattimett

and 6141791HE 0 integrationbypartsand letter

so Haltilla 1161014 as forthe linear SE






































































































































Next let us look at expressionsof thetype a4 AYou morecloselywhere

AeS CRY and A denotes theactionof A on variable onlyWecallA a

one body operatorWewantto ask thequestion Can we approximate

cYultl An441 by its BEC meanvalue celt Acett Eg for A
1011231

CYCHA4m14s is theprobabilityforfindingparticleone oranyone oftheparticlesby
symmetry in theregion ACIR

Definition 4 7 For YuECR wedefinethereducedone particledensitymatrix

for Xii Jda derYulyten Youlater IN

E g Type XY Sdx dxnqlylcelxel.iqxnlQlxlelxel elxnl Qlylqlxl

Definition4.8 For any Ke SCRY wedefine theintegraloperator

A 5111231 S IR f x to Af x SayKlay flyl Wecall k the

integralKemelof A

Eg theidentityhasintegral
Kemel K.lv 8lx yl sinceSdyflxylflyl flxl1

Thus we can define jy as theoperatorwithintegralkernel felt y

lemma4.9 Jonhasthefollowingproperties

i for 8641121 Igyulls 1 get ten
Ciil for is nonnegative i e CXyou 20 year






































































































































Proofof lemma4.9
i fdyfynlx.veX1y1 Sdxe dxrSdyXly YnlYixenixlYnlxixei ixl

Sdr dxndylknlyixen.in llxtylll4nlxixer ixnl

5 EEI Sdydx In Kalyx v11 fdydxe.edu17141124nkixn.int

114.1111 KEFFIYEH
I gynthe 11411 111411 1 so lightly 1

84 forclearfromdef

Iii CX gets Sdy Youlyixer.in XlylfdxXHl4nlxixai ixnl c4mp 4n

Ilpi4nli20

Goal prove that July Trait

Note
Jpg x y Sdx dxnqlylelx.li aunt alxlek.li alal

all 611

B ttechnically it is easier to control a differentquantityWewilldef
14.9 sit α 0 implies jy free Themain

workwillthenbeto

provethatindeed 0






































































































































We proceed in severalsteps

Step 1 Type of convergence

Definition 4.1

For ye c hell 1 wedefine theoperator p 41123 41124 X ce x p and

9 P c
forany j 1i N wedefinep CR 41234by

PYu In in Qlxj1SQlylYnlxn nXjnYiXjen ixudy and 99 1 pi
identityon0111234

The followingpropertieshold

lemma4.2

Foranyyet withHalle 1 j 11 IN wehave

i ping So 2911237 with 1pills 1 11g lls
ii ping areorthogonalprojectors P H H is anorthogonalprojector it PEP P
iii p.iq O rj9sY 0 for all jik and rise pig

Proof

ii Xpi4 fdxe.ndxnxlxn.nu elxjlJdyQlel4lxni iYi ixnl
Sdxn dxndyQly qlxjtxlxn.in 4lXn iYi ixnl
Sdxn dy dxnQlylfdxjQlxj1XCxn Xn 41 11 iii in

Cp X 43 so pi p
























and p p 4 Her in celxj1SdyQlkllpf4llxn iyi ixnl

QkjlIff h5129121414
it in

Ip 4 xn Xn

Also a 1 p 1 pj q and qj 1 p 1 pil 1 2pjtpf 1 pj.iq

i Ilp411 cp Xpigs 4pity 4pity 11411 Ipiull

Ilp411 11411 i e Ipill 1

Also pi axil alxjlfdyqlu.laxnl alyl qlxnl EIelxil

so Ipill EYE p 411 Hp IIKill III ekill 1

Same argument holdsfor offwith replacedbyany ate a

iii pig p 1 p pi p p p 0 and risk sur clearbydef

Note piecetellsus howmuch of the j thparticle is inthestate a

p II eh IIeltil andoffEleki 0


