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Today we provepartsof the InverseandImplicitFunctionTheorems

We will needthe followingEmma
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Proof of InverseFunctionTheorem

a ideas lujectivity Weconcludeflakyforatmostone x byconstructing a contraction
s f x fixedpoint if itexists it isunique

Surjectivity Weconstruct a completemetricspaceX s t we canapplythe
Banachfixedpointtheorem

lujectivity

let us call A Dflp and define a constant X 211A Il



SinceDf is continuousat p F openball Vcu centeredat p s t

IIDfly Dflp IIe X V XeV

Forany fixed ye R we def Uy x X t A ly fall becausethen

flaky es y txt x x a fixedpoint

Is ay a contraction If yes then I atmostone fixedpoint as we showedlasttime
i e flakyfor atmost one x i.e flu is injective

We tryto bound theyix l aywall byboundingthederivative DayI becauseof our
lemma above

Wecompute Da 1 1 A Dfl A A Dflx

Then for x ell wehave 11Da K11111A A Dfl111

IIIII2
Thusbythelemma wehave Ily al aywelll et lx ell faire V i e ray is a
contraction

s Surjectivity We now know flu V flu W is injectiveandthussurjective

onto its imageBut is Wopen
WepickyoEW sothereis to EVs t fix l yo Choose I theclosedballofradius r
aroundto with r so smallthat B V Wenowtrytoshowthat yeV if
I y y I ctr implying that W is open W is open if fy.twaBust Br iWl



To do this we aimtoprove that ay B B is a contractionThenBanach's

FixedPointTheoremtellsus that thereis afixedpoint since5 is complete

Thus e txt x flaky withye flBI s f IVFW

left to show aymapsinto B So choose XeB and trytoprovetheyH H r

triangleing
wecnet.nu x 114EE EIYEII III

fromabovel I A ly y Ill

b First we use If Dflphas an inverse thenalso Dfly for litpllsmallenough
has aninverse Thesetofinvertiblelinearmaps on IR is openiseeRudinforaproof

Thendifferentiability of f can be provenby showing

f lien fi Dfl k I 0 seeRudinforthedetails I11kt

Continuityof Df follows fromcontinuityof Dfly I D



IdeaofproofofImplicitFunctionTheorem

Wedefine F A IR by Flay Y
Thenftp.ql 10gl and DFlipg É É

É
Byassumption isinvertiblei.e allcolumnsarelinearlyindependent B t thenduetothe
1 all columnsofDflpg are linearlyindep aswell so DFlip is invertibleand

we can use the inverse fat thin to invert F in neighborhoods V of lp.gl
andWof 10,91
If OylEW then Oy Flay forsome KyleV i.e flak 0

Next x is uniquesinceF is bijective

Thefat g
is C since F is C

Derivative formulafollows fromeh ng

seeRudinfordetails

0

Note In our chapter on many variable differentiation we skipped a discussion

on Lagrangemultipliers This is discussedin Calculusand linear Algebra II


