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3.2 TheRiemannIntegralin IR

Strategy Wedefine a Riemannintegral fromscratch for f D IR withD IR

a closeddomain with content Afterwards wemaketheconnectiontorepeated 1 dimRiemann

integrals

To define volume we first need a few topologicalnotions

Anopenset A R is counted if andonly if anytwopoints in Acanbeconnected

by a polygonal path Note thereis a moregeneral topologicaldefofconnectedness

Onecanshowthatthis is equivalenttotakinganycontinouspath

OO
not connected connected

Definition A domain in IR is a nonemptyconnectedopenset

Wecall x aboundarypointof Ack if everyopenneighborhoodof x contains a point
in A and in A AER IA isthecomplementofA

Wedenote odA allboundarypointsofA theboundaryofA e.g Oliver later

At AuOA the closureofA leg 10,11 10,11u 030 1 20,13

If Da IR is a domain we all I closed domain



We now aimat definingthe content or volume S Al for A c IR

We define

Thewit cell I tout hascontent SII1 7

let In Kt I betheunitcelltranslatedbyk I themitcelldilatedbye o o

Then S KtpI p'S Il
I
I
3 1

Then forp 0 we divide IR into cells IR If In andwedeffor bounded

closeddomainsDa IR

Ap U eIn insideD D d Ce

Ce U eIn hitstheboundaryof D G Ae

Definition Given a domain Dc R we sayD landD has content or isJordanmeasurable

if figStael and I S Apucelexistand areequalThe
resultis called

Jordan content or Jordanmeasre SID s151 41SIA I L s IAevCe1

Informally D is Jordanmeasurable if its boundary isnottoo largewild

Example D 0 1 n Q NoteNot a domainbutwecanstillusethedef above

Since 00 IR wehave SAp O S ApuCe SCo1 1 so D isnot Jordan
measurable Note D willturnouttobeLebesguemeasurable

Next Partitions Riemannsums Riemann integrability



For thefollowingdefinitions Dr R is a boundedcloseddomainwithcontent

Definition Apartitionof D is a family I Dj j t k suchthat

a Dj cD are closed subdomainswithcontent

b Dj disjoint
a D YDT

Wecall Xlt themaximaldiameterofallDj's the parameter or meshof T

Definition let f D it bebounded ARiemann sun for f is a sun

6 f T X i Xu É fix ELI with xjeDj
notte
inAdim SDjI AXj xj xjn

Withthat wecandefine

Definition f D IRbounded isRiemannintegrable on D forD if F IER s t

He 0 38 Ost FpartitionsT withX T of andVx jeD wehave

off T x Xul I C E

Inthis case we unite I If ds and
feptjg.in

integrableonD

Note I canbe expressed as tiny off T I



Note Wecould aswelldefineupperandlowerRiemannintegralsandcallfatsRiemann

integrable if bothcoincide

EH.tk
j I

SIDJl 5lfitl
F1EEfI1sC5l

I fds if Elf it

fds sype ft

If I fds L fds then fer ID

Theorem Riemanncriterion

fer ID He 078 Os t I Mj mi SDj c e KT withX Tlc8

Proof omitted


