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Recall If A y up A Tip on then y is ratifiable andAfl is its length

If je
s Tail then A fl fly'ttilldt

Examples

Non rectifiable ane seehomework

Circumferenceof a circle guk RI cost siutl te to2m

y'tth R f sint cost Ily all Tisintercost R

A lyk IRdt 2nd
Cycloid gl tf It sint l cost ite to at A

moveon acirclethatisy'tth 1 cost SintI
moved

alongx axis

Ilg'ttill 1 cost t sin't 1 2cost cos't sin't 211 cost
standard trigonometric identity 4sin El

Aly1 12sin Idt 4cos 117 4 1 41 8



NextDefinetheintegral of functions along curves

Heuristically For f IR IR f f ds
with ds11dgIf 11 11dt

Tumpthvalesoffalongthecrey

Definition For f e C ly lil and g labl IR a C curve we definethe

line integral f f d
s I flyitll lightilldt

Note If ds is independentoftheparametrizationof j seeHWI
For f 1 weget fds 141

One usefulparametrization isthe arclength parametrization

Define s t ftlg'ttill dt Then s'tth ilgAll 0 for y'tth to
liondegenerateparametrization l

Since s tl is monotonic it is invertible withinverse fist

We call fit1st the arclength parametrization
ads fttall g'ttell

d
g'ttisit sis ladsjitisill 118111 1

i e we
go throughthe are withspeed t.gg faxtb

substitution t t1stwith thisparametrizationwe find
dust I wtf

f fds I flyall yAlllat If't't'illds ds fitilldt



Next Howto def lineintegralsfor vector fields F Dar IR

E.g forcefields in physics

Motivation Inphysics work force
Tighter

displarement

In 1 dim W S Folds

In n dimensions Only displacement in the directionof theforce is work

e.g displacement orthogonaltoforcecauses no
workl

In general If T is theunit tangentvector thenwork cF t

EFFIE
t

Totalwork W f
cF Tads f

c F tf ds

J cfightYt if till at

J cFog y It

Fight g Aldt

Definition For F E C ly IR and
y a C curve we define

the line integral f Fds IFIfalljitldt
Note F dx F dx t Fadxu is called a firstorderdifferential form



Example F lotomb force XEy F B IR

For
goingin a

circle theworkshouldbe0 curvealwaysorthogonalto F

Indeed
j Toot

IR yit Et saysinkin x yplane ight I
Ids Ex i at 0

Worktobring a particle from 1 to xx on astraight line

F Tani IR fit 8 fit
work W Stds Ix It Hdt ex Edt XF

Generally thevalueof fFdx might dependon allofyBut
sometimes it mightjust

depend on flatandjib andnot on galfor actabl

Definition let Fe CID IR Dc R a domain ypiecewise
C Taib R piecewise

smooth Then wecallF conservative if Fdx dependsonlyon flatandglb

Note Inthedifferentialformlanguage F conservative s Fdx exact

lemma I conservative Fdx O f closed y
Proof

y f Fdr Fax f Fdx

If Fdx dependsonlyonflakx andglbty then IFdx Fax sinceflat plat

plbl plbl Thus Fax 0

If I Fdx O then Fax fFdx Up so Fdx dependsonly on flatplbl D



Note This is extremelyusefulfor computations Suppose F is conservative

and I needto compile Fds for a complicatedpathy Then

Fds Fds for any fwiththesamestartendpointsThis j can

bechosentobemuchmore convenientfor our computation


