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Lasttime let Fe CID IR DCR a domain1Then

F conservative SFdx dependsonlyonplatplblforany c curve y Taib IR

IFdx f closedcares yd

Fromphysics work Fdx shouldonlydepend on platplbl if I comesfromapotential
i.e F 00 O P IR Indeed

Theorem Fe CID IR DCR a domain is conservative if andonly if
I OeC DRI s t F DO 10iscalled a potentialforF 1

Proof
Thisdirectionis a directcomputation

Fax FlatlyHdt I100failyltldt S.ba10lyitil dtf0flail 0flbl
chainrule FundamentalTheoremofCalculusF conservative

Note For y piecewise
smooth wesplititinto a sumof C curvesfirst

É Weconstruct0 directly If I conservative wefixsomeXoED anddefine

01 1 8Fdx where y is any c curvewithflakx
glbkx.FI

57 1E It.Y
Thenwe check

txthei Fdx fFdx Fax
hsmallrough

ONtfflateileidt
out Fidel dt WE



Gmo Y h 0ktheil no Filxtheil no Filth

i e DO F

Since I continuous OE C D

Note

If 01 1 Ya coast on D then 00 04 onD

let F 00 04 Forany Oe c ID themeanvaluethem tellsusthat

01 1 041 00151 x y forsome onstraightlinebetween xandy
I I TySince D is adomain it is connected i.e anytwopoints

canbe connectedbya polygonalpath
So for 0 0 4 wehave 00 0 andthus 0 0 Y constalonganystraightline

segment i e 0 4 const ou D

s F 00 04 on D es O Y const ou D

Animmediate consequence of thethinabove is

Corollary If Fe C'ID IR I Dor adomain is conservative thenthederivative

DF is symmetric

Proof I conservative I DO DF DDO Ho ii e DF i.joofj whichis
symmetric forFed i.e Dec O

Next Is DF symmetric alsosufficientforF tobeconservative
Notalways



Theproblem canbe the topologicalshapeofthedomain D IR 03 A hole ate.g 0
makesit not simply connected where simplyconnected means any

closedcurvecanbe

continuouslycontracted to apoint forequivalently anytwopathswithsamestartlendpointscan
becontinuously deformedintoeachotherkeepingthestartlendpointsfixed

ii
If Oismissingy

cannot f cannotbecontdeformedintoy
becont deformedtoapoint keepingstartlendpointsfixed if 0 ismissing

Generally if D is simply connected then F D R FEC withDF symmetricimpliesthat

F is conservative

Here we provethisfor a specialcase

Definition DcR iscalledstar shaped if Iped suchthatany x ed canbeconnected to p
by a straightlinesegment suchp arecalledstar

center I

F shaped
lotstarshaped

Anynonemptyconvexsetis starshaped

Theorem let Dali bestarshapedThen

Fe C D R I conservative DF symmetric



Proof Weneedtoshow let 0bethecenterof D withoutlossof generality

let ybethestraight
line segmentfrom0 to x i.e y on R t ts t x thenwedef

Out Fax IEEEIft
I IEIxltettleildt If ItFiltrildt FilH O
Fatrule

II txtx t Filth It Filth

IIIAbyassumptionthatDF issymmetric
DO F i e I is conservative O


