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5 Complex Analysis

Inthischapter we consider functions f D C where Dad is a domain

This willleadto a deeperunderstandingof functionssuch as expandlog hencethe
Germanname Funkti nentheorie andalso usefultoolse.gforintegration

Differentiability is defined in theusualway

A fat f D e Dad adomain is differentiableatZoeD if

flat flz.lt clz z.lt z zolhlz forsome c ed andwith fightt 0

Alternatively we can identify a with IR byuniting z xtiy It and f ut in 4

f Dar IT II III is differentiableat zo x tix if

flat fiz.lt A Iz t.lt z zothltl forsome real2 2matrixA and41 hit

If f isdifferentiablethen A

Now we can compareboth linearexpressions letussetzo ohereforsimplicity1

Cz latibilxtiyl faxby tilbxtail II I 1 Y A Y

Comparingwith Ayields If E and E theCarchiRiemannequations

I sRegs






































































































































Wehaveproven

Theorem A function f D d D c e adomain is complex differentiable holomorphic

at zoeD if andonly if f is realdifferentiableandthe CReg s holdat z

RemarkThe CRegs havemanyinterestingconsequencesandmakethetheoryofholomorphicfats
very rich Eg Everyholomorphic fat is arbitrarilyoftendifferentiable

Everyholomorphicfathas a powerseries expansion
Everyfat holomorphic inallof a andboundedmustbeconstant

Examples

s flat z Atip tiny
It 2x E V E Ly E f121 2 is holomorphic

flat E X iy

I 1 I 1 f iz z isnot holomorphic

One canshowthat anypolynomial andexpla andthussinecostI are holomorphic

Next consider complex lineintegrals let y bea curve inD Then

flatdz f latiulldxtid I f ludi udy t if ludxtudyl
tilt if I 1 1



Nowsuppose y is simple
andclosed and y 05 forsome S D

Then ffield Eigg
died t if t.li dxdy 0

IEM E E O

of E o cRegs

CRegs

WehaveprovenCachy'sintegraltheorem

Thisisthemostgeneralauditionfor
Green'sthintohold

Theorem let f D d Dad asimpcouneteddomain beholomorphin and yeD a
closed curve Then ff iz

dz 0


