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Today we prove

Sard'sTheorem let Ucite beopenand f U IR besmoothThenthesetofcritical

valuesof f has lebesguemeasurezero

Proof for men and men

men Idea boxes in IR are smallerthanboxesinR e.g Is It I ta 0,11

Fromtopology inRm weknowthatwe can uniteU as countable
unionofcubes

R a a 8 x X amam8 C U

If X fall O we aredone bypreviouslemma

Meanvaluethem Il fix fly lls k llx ylltx.ee R forsome k O
Euniformin x ysinceRcompact

Nowchoose Nal divideRinto smallercubesRj withsidelength I N cubes

f IR a ballofradius KE withvolume I forsomeC 0

f R YR withvolumee Nmc Cs Nm Insalt min

Thisholds forarbitrary largeI N so X fall canbemade arbitrarilysmall



men Idea imageof aballaroundcriticalpointcontainedinsmallcylinder

is

choosecube R as above C criticalpoints flat criticalvalues showXflRnc 0

divideR into N rectangles sidelength R

Bydef ofderivative Il fat flyl D fix x pill e en k ell KayeRj anden É o
seealsoHwiProblem3 f enCu f forsomeCu e.gCn F

Next fix x e Rj n c incasethisis nonempty

Then Df lil notsurjective Dfa x y yeRj C V some n ldimsubspaceofIR

fat fly yeRj hasdistance encu fromV a fin

fly yeRj hasdistance encaf fromhyperplane h fix ÉTI f

Mianvalue tha Ilfat fly lls kl lx yl e kCn

flat yeRj C cylinderofheight 28Cut andbase tu it sphereofradiusr
with re k cu f

volumeof cylinder E C f Een for some C 0

f Rnc c Ucylinders with volumes
cityEffi s en O

E my
end la the E for Rj I



in ourproofofmen
Remarks C is enoughinsteadofsmoothnessbutformsu needCKwithk max10m n

Fexampleof f IR IR c with flats intenall duetoWhitney l
loutinuitynotenough space fillingcurves F Io1 To17 surjective


