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last time tangentbundle TM pul pem veTpm

a smooth 2nmanifold Msmooth n manifold

a vectorfield X M TM s t to kid I i e XlpletpMUpem

Choosingchart14,41 wecanunitelocally inthiscoordinatechart XIpl X lplEi pr
smoothcomponentfats

Examplesof vector fields

MCM open ve M thenX M TM Xp vi lp cv Dps is a vectorfield

called gradientvectorfield
a xn

M IR I 0 X I I If i r FET E Y
I

If Y m
y
I

calledorthonormalframe since X Ip andYelp orthonormalEpeM asvectorsinR

F M N smooth X M TM vectorfield

dipTpM stepN so def Ifp XipileTapN not necessarily a vectorfieldon N

e.g if I notinjectiveornotsurjective

But if F is adiffeomorphism we havethat the push forward

FX N TN IX q dFeng XEtail is avector field

FX is smoothsince FX N M I TM TN i.e compositionofsmoothmaps



frakturX gothicX

Def If IMI allvectorfieldsonM

Note Jf M is avectorspace att by p axp tbYlpl

f e c la fM R XeJEM 3 FXM sTM IfX lpl flplXlp
also a vectorfield

Next FIMI CCM

Xe JEIMI f e c a U M then Xf U R If lpFÉÉ f is againa
notmiltiplication smoothfunction

In localcoordinates tf p I XilplEip so Xf is derivativeof f indirectionXp

x cMMI C M Lf Xf
linear xplderivationatp

x Ifg p X fg p XpAgt Flp Hplg t gp xpif

Lx fg flag t g lxf

Def If D c lml cat is linearandsatisfiesproductrule D is called

global derivation

Proposition D CTM ChlMl derivation Df Xf for some Xe If M

Proof done for s def Xpl f Df Ip
Xp Pcm IR indeedaderivation AppleTpm

smoothness canbechecked Xsmooth XfsmoothFf 0



Proposition X Ye HIM f to tiff Yxf is a global
derivation

Proof Linearity clear

Productwle XY Ifg YXlfg X fYyt gYf Y fXg g tf

XfYg f xYg XgYf tgXYf

YfXg fYxg Ygx f gYxf

f XYg gXYf fYxg gy tf

f XY Yx g
t
g XY Y

x If O

Def X Ye JfMl then IXY Chul seal IXY f XYf Yxf iscalled

liebracket

Note IXY is a vectorfield

X ÉXiGi Y EY8 IXY II Xi Y II of check

Proposition For X YZ E X M we have

a bilinearity TaXtbY Z a X Z b Y Z

Z attby a tax t b ZY Faber

b antisymmetry TXYF YX

c Jacobiidentity X YZ Y E x Z Tx 4 0



d forallfige cha IfX gY fyIXY IfXg Y gYf X

e foralldiffeomorphisms FM N FIX Y EX Y

Proof Hw

Def A liealgebra overIRI L is avectorspacewithabracket Fi ext it that

satisfies a bl c fromabove

Ex If IM

Mum R with commutator IA B AB BA

AnyvectorspaceV withTxy 0 is a liealgebra


