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53Covectorsm

at V be a finitedimreal vectorspace

Def Any linearmap w V IR lie realvaluedlinearfunctional is called covector

VEdualspaceofV all covectors

Ex K columnvectorsinMn thenV rowvectors in

eg if I w w a wht la w I Éwin win
Einsteinsummationconvention

Summationimpliedifsameindexappearstwice as an upperandlowerindex

ifeng.gg asisofksEg1gsisofv
iie e'tests cirri

Ingeneral

Def e c e v calleddualbasis tobasis E EnofV if e Ej Sj
Prop Dualbasis isindeed abasisofVA Proof easy linearalgebra

For U s a wie Vav v E wehave w u wir e Ej wiv

Def let Kw bevector spaces A KW linear thendualmapAttWit U't isdefby
Attn If WAY for allweW veV

Note IA B BYA

Fcanonicalisomorphism V V canonical independentofarbitrarychoicese.gofbasis

F isomorphism K V butit is notcanonical sinceit isbasisdependent



Def The cotangentspaceatpenisTIM M
t
weTIM iscalled tangent correctoratp

Note In coordinates Eip basisofTpM dualbasis X
p
ofTIM

TIM a w witlp withwi w Elp

Def TM EnTEM is calledcotangentbundleofM

w M T M withwlpleTpM iscalled covectorfield differential 1 formI

Note one canshowthat TM is a smoothmanifold tof dim2m

Note w covectorfield Xvectorfield

W X M IR WA IpfwIplXIpl
la localcoordinates w X wiXi

Now for f e Chul thedifferentialatpwasdef as dfpTpm TapIR

We canalsoregardthedifferentialof f as the covectorfield df defbydfp if v f
f v eTpm

i e TIM dfpTpm IR samemapwiththeidentificationofTapIRwith R

Incoordinates IM adfp Ailpltip forsomesmoothA

Ailp dfp Elp oflpf Eilpl

Ifp IfCplXlp
for f x wefind drip Xlp X dx's s df Eidei



Nowconsider smooth F M N

Recallthat for diffeomorphisms F and XeHtml wedefinedthepushforward

FX N TN IX q dFeig X1F all FX is anewvectorfield

Nowtakeanysmooth F M N notnecessarily a diffeomorphism

Def FM Nsmooth w N TN a covectorfieldthenthepullbackof wby F is defas

Ftw M TM wp dFplump

Note onecanprovethat It is a smooth covectorfield

54Tensorfm

Def A

king
is calledmultilinear if

Alvin Xivtri v XiAly iv t t Alvin vii Va
k W W setofallmultilinearmapsK x X K W

If AK x xVu R and B W x xWe IR aremultilinear then

A 13 V x xK xWix xWe IR A B via vnmanwe Alki a Blu we

iscalled tensorproductofAandB

Ex wieVj then who w K x xVa IR lui iv Its w y w la

Note D Eli EYE 1einen kineu basisof LIYi Ki RI
moreabstractlyonecandefine aspaceV 0 Ok iherejusttakeit asthevectorspacewith
basis E EI Ej ki su einen spaceofallformallin combinations

V0 Uk



LIV ViRFVÉ

rank k tensors
Def T A VIE.gov is calledspaceofcovariant k tensors or covariant

1 V4 alternatingantisymmetric
covariant K tensors i.e for a e140 1 wehave

41 Vi y 41 Vj Vi


