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Prof Dr SoevenPetrat

Recall Exterior derivatived of a k form w in coordinates

For w F'wydx we have du J du Adx

Note There are also coordinate independent formulas

E
g for any 1 form w andXY

vector fields

dwIXYI XIII Ytwixt WI IXYD eCMV
pts wYlp WpIYlpl ER

Checkfor w adv anyother w is afinitesumofthoselocally

dwtxyl dlud llt.tl dundu it Yi duhduhI dullduty
XuYu XuYu

and X talk Ytwixt w ix Y

X Induki Yladuhit ndvltx.tl
XInYul Yluxvl uTXYJu

TaYutyXYv YuXv aLu XY toy
For k forms w du Xn Xun Een l l Xi w Xn Fil Yall

fight l 1
t w TXi x Xii ti Xi Xun

wherehats mean omitted arguments



56Orientationmmm

Edition ÉÉÉiÉÉ
2 sphere

First n dim vectorspaceV
Def Two ordered bases Eli Enl and IET É ofV s t Ei B Ej are

consistently oriented if detB 0

AnorientationOofV is an equivalenceclass En En oforderedbases

with a choiceof orientation is called orientedvectorspace

Note Inanyvectorspare there aretwoorientations IEEE tinisorientation En Eu
positivelyoriented

Proposition Each Ot we 1 v4 falldimkn determines an orientationOn by setting

Ow En En for w E Eu 0

Proof let IE En and IÉ Enl beorderedbases B thematrixofthe
basis changei.e Ej BjEi Then

W E E w Ben BE I datB w Eni Enl i.e

Itn Eat and IÉ El are consistentlyoriented detB O

F w En Eu andw É Elhavethesamesign



NowOrientationonmanifoldsM

Two approaches Al viatangent spares
B via charts

A A pointwiseorientation is defbychoosingorientationof eachTpm

Def localframe continuous vectorfields E En on UCM s t Elp Elp
basisofTpm

globalframe localframeon U M

Anorientation onM is a continuouspointwiseorientation i.e ApeM Foriented

localframe Ei withpeU
domainofCeil

Notethat there are orientable and nonorientablemanifolds
e gsphere LsegMobiusstrip

Proposition let Mbe a smooth nmanifoldThenanynonanishing n formw on M
determines a unique

orientation on M forwhichwispositivelyorientedateachpoint
Conversely If Mhasanorientationthenthereis a nonvanishing n formon Mthat is

positivelyorientedateachpoint

Proof Ei l localframe on connectedsetU Isit dual to frame

a f e n n e with f nonvanishing sincew nonvanishing
w En Fu f I on U Since U connected thisis alwayseitherpos orneg

converse clear lovwithpartitionofunity onfibres




