



































































































































TopologyandManifolds ConstructorUniversityBremen Spring2023 Session22
Apr21,2023

Prof Dr SoevenPetrat

5FlutegrationonManifoldsm

Want coordinateindependent integral on M

Ideae.g for B R theclosedunitball Justintegrate f B IR e.g fat 1
lionstaut fit f f du Vol151 b t thisis clearlynotinvariant under
coordinate transformations

Better Covector fields takeateachpen tangentvectors linearly i.e the
longerthetangentvector thelongertheresult

Furthermore Signedvolumes aregivene.gby thedeterminant in IT

J II volumeV detluivi whichis an alternatingtensor

Properties m want bit salesthe robebit multilinear

Volluitut vi I voltvivi I volluivii

want alternating
covariant k tensors

let us start 1 forms w onTab CIR i.e we fitldt

Then wedef I w IIIffena
arabesque integral



More generally let us consider a domainofintegrationD CIR i.e Dbounded ODmeasure0

let we r D u form i.e we fdx's ndt
smooth orcontisenough

Then wedef I w ffdxi ndxh.SI11n ffdV

Importantnow Invarianceundercoordinate transformations or moregenerally pullbacks

MNorientedsmoothmanifolds

Def A locall diffeomorphismGMIN is called orientation preserving if for
eachpen wehavethat dFp takes positivelyorientedbasesofTpm topositively
orientedbasisofTtipN

Proposition let D E c R be opendomainsofintegration b D É smooth i.e bcanbe

from D E w an n form on E Then I Fw W

Note I btw Ew if 6
orientation

reversing

Proof y y
coordinates on E x x

coordinateson D we fdyn ndy

M Jacobian T D
changeofvariables Gorientation

preservingforRiemannint

too detDG dx's not Sbtw O
P D

pullback
formula



Next let M be an orientedsmooth n manifold

First suppose nform w hascompactsupportcontained in onesmoothchart 4.4
positivelyoriented

Def Theintegralof w over M is w
at.IT ya an

Proposition Sw doesnot depend onchoiceof smoothchart

Proof Takesmooth charts 1441 Giel s t suppw c and

Got orientationpreseningdiffeomorphism if bothchartsarepos negorientedI

Iala w S let w S lait le w S let let tu
plainat Y actinal 61inat

previousproposition

L let w o

Next w compactly supported n formonM

Ui finiteopen coverofsuppw withpositivelyorientedcharts viiceil

Yi a smoothpartitionofunity subordinateto Ui

Def I w Yw
in

welldefonsinglechart Uiceil



Proposition The defof w is independentofthechoiceofopencover or partitionof
unity

Proof let Aj beanotherfiniteopen coverof suppw withdomainsof
positivelyorientedsmoothcharts andat Fi be a subordinatepartitionofunity

If I4in F I 15 i in I ÉYTh
supportedin asinglesmooth

chart

independentofchartfrompreviousproposition

B t also F1 Ew I4in so results arethesame O

PropertiesHW linearityorientationreversal Iw Sul positivity wpos
oriented w 01

diffeomorphism invariance F M Norientationpreservingdiffeomorphism

I w Ftw

Competingintegrals in practiceDivideM intosuitable Da Du

Example M IR I 0 w
Xd d

are y one M j1h IIX442

costÉÉÉsina.tt
dt

Th cost isint e
lostl'dt thint dt It

Jw Sy'tw L It 2r
To2r


