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Recall A nondegenerate 2 countor is calledsymplectictensor

Vwithsome symplectictensor is called symplecticvectorspace

Ex let U havedim 2n denotebasisby AnBai AnBut dualbasisby fair xp
Def W É aimpi

w AiAj1 0 w Bi Bj1 w AiBj1 8ij w BjAil
Note w is nondegenerate

This is indeed thestandardbasisforsymplecti vectorspaces

Def IfHal is a symplecticvectorspace then a basis as intheexampleiscalled

symplecticbasis Ilie thisis a basiswhere w Inaimpi

With a symplecticformwe can def a notionof a symplectic complement

Def Ut SaV be a linearsubspaceof asimplestinvestorspace VThenthe
symplecticcomplementof S is dif as St ve V w uw O f we s

Jst as for orthogonal complementswehave

lemma dimSt dimSt dimV



Proof Def O V S by an u all ii e 0fullwk w wwt for veV we s
If 0 is surjective then St Ker0 hasdimension
dimSt dimkero dimV dimimp dinV dims dimV dims

Is0 surjective Choose yes andlet you extend q toU Weknowal V V

uts v w is an isomorphism so J utUs t WH F s 014 6 ii e 0surjective

Ex If dim5 1 wAnu O fue S AR S est
So alike fororthogonalcomplements wedonothave Sn St 0 here

Def Alinearsubspace S is called sympati if S n St 03
s isotropic if S est
soisotropic if So St

Lagrangian if S St

For now we use symplecticcomplements to show

Proposition Gt wbe a symplectictensor on a vectorspaceV ThenUhaseven dimension

and there exists a symplecticbasisfor V

Proof Indention on m dimV m o I
let m 1 Choosesome Of A e V J B eV s f w AnB O la non degenerate

Let wAnB 1 bymtiplyingB witha constant

AnB mustbelinearlyindependent Isinnewalternating dimV22

Now let S span AnB dimSt m 2 Notethathere S is symplecticFor reVwehave
I vWIEIBn.AESt since witAnt al

Ant wlanulwiBaAntwitsulwitA to w it B l

Thus St is also symplectic



Bytheinductionassumption Sthas asymplesti basis ABri AnBut

AnBaAiBa AnBu is symplecti basisforV O

Corollary letV be a24 dim ventorspaceand we 1 V4 Then
w is a symplectictensor w

ayyy
0

Proof AiBi symplecticbasis w FaiApi
Wh Ea'spin rainpin n a p n na af 0

If w is degenerate f O u V sit V W O

Then v un v law knw law thiiffit9
Recall intwin in ng t l it w alion

Kgreeofw

v w n lo wl n w 0
Nowwecouldextend u to abasis EnEn Eat withEn v then w En Eau D
so w O whichcontradicts ourassumption O

Det let VialandIWolbesymplectinvectorspaces then a linearmap f V W is called

symplectic if ft w ii e ftolaul offu fuk wlaul tu veV

Ex let W V ow A matrixof linearmap f V V J matrixof w
w fufut w Aja Ei Air E EeJuee n e IAin Ei Aj Ei

Ji Ai a AI v ca AT Avs




