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Anexampleof an infinitedim symplecticvectorspace
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R is symplectic I uh uh 1 a i n
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An R thatsatisfies 1 1 is calledBogolibormap

A fewpropertiesofBogolibormaps
a a At u us 1 u is invertible

Specificexamplefor C Ton U E Gulei snetty butR
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Recall Alinearmap f V V is symplectic if andonly if At A where

A is thematrixof f and J isthematrixof thesimplestinformw ofV

Now Suppose f InithmatinAl and g
withmatrixB are symplectic

Then ABIT ABI BIYA
B BTJB J so alsoAB is symplectic

Symplecticmaps form a
group



Recall

Def A 2 formw on a smoothmanifoldM is callednondegenerate if upis a nondegenerate
2 covertor foreachpeM fterior

derivative O

Asympleti form on M is a closed nondegenerate2 form

Mwitha symplecticform is called symplesti manifold

ftp.tistuitm

Note FromthedisssionaboveweknowthatdimM mustbeeven

Also If w is a symplecticform on a 2ndimmanifoldM then w is a nonvanishing2n form

soeverysymplecticmanifold is orientable

If Maw and IMwe are symplecticmanifolds then a diffeomorphism F M M with

F we w is calledsymplestomorphism symplectic geometry topology

Ex I withcoordinates x x y y

w Indxindy is symplectic Closed nondegenerate V

I an orientedsmooth2 manifold w nonvanishing2 form

w closed du 3form w a if orallyii e nondegenerate

Globally wehavethefollowingverystrongresult

Theorem Darboux Cet Malbe a 2ndim symplecticmanifoldThenforanypen thereare
smooth coordinates x i x y y

centeredatp in
whichwhas coordinaterepresentation

W E dxindy

Proof Usestime dependent flows weskip ithere

NoteSuchcoordinates arecalledDarbouxsymplecticcanonicalcoordinates



Next

Def Given a symplectic manifold IMal and a smooth function fecWMl wedef
theHamiltonianvectorfieldof f tobeXp def via

Xe w df ov wftp.Y dflYl Yf foranyvectorfieldY

In Darboux coordinates

Xf É la fi tbifi aibisomecoefficientfunctions

Tf U W É ai fi tbifi Edx ndy
Inlaid i bidx

df If dx t dy

ai fi bi

Tf É EiEi Ei

Note If df lyk w tf tf1 0 so f doesnotchangeinthedirectionXf
f is constant alongintegral cures of Xf

Def Asymplecticmanifold Mal togetherwith HeCTM is called

Hamiltoniansystemand It is called Hamiltonian

theflowofX is called Hamiltonianflow

theintegral arvesof It are called trajectories or orbits



Trajectories pitt filthyitllsatisfyx'in 8 atlatl

qty
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Example Classicalmechanics n bodyproblem

on pantilesin IR 19ith quit ft gilt EIR
r
configurationspare Q 1123 IC qMYgu g forsomek e

collisionset
Newton's

egs mg H FalgIti forsome smooth forces FER
Assume F conservative take In as componentsof countorfield on Q F dV

forsome Ve ClQ1
Consider cotangentspaceT Q withcoordinates qi pi then gAl satisfies
Merton's law if yltklqttl.ph inT Q satisfies

gift I 11 pjItt
piItt gilgit

sHamiltonianHlgpl Imp'tV19
Note H roust

alongflow conservationof energy
Further constraints maylead to consideringdifferent configurationspacesQ


