



































































































































StochasticModelingandFinancialMathematics Week5

Prof SorenPetrat ConstratorUniversity

lecturenotes fromFall2025

lasttime binarymodel s

Sd

Recallexample K 3000 call

5 2500
Pˢ 4000 14 16 payoff 1000

2000 1 0.81 payoff 0

Wedismissed theideaof optionprice average
unit stockmarketprobabilities

fromourmodel becauseofthepossibilityofmaking risk freeprofit

Newidea Optionprice value costof a portfolio that leadsto no riskfree
profitforseller meaningsellermeetsobligationexactly
Such a portfolio iscalled replicatingportfolio

Wedefine

X priceofbondwithriskfreeinterestrate r
numberof stocks at prices alsocalled hedgeratio or delta

Weassume

continuous
compoundingofinterest FV er pv

dietcu






































































































































costofreplicatingportfolio is C Sx

valueat expiration if stockgoesup et Sux

if stockgoes
down ex Sd x

Note forsimplicitywehereassume et is thediscountfactorfortheoneperiodunder
consideration onestep

Ingeneral riskless or zeroprofit forseller if

etc Sux Ca where Ca payoff in up scenario

e In Sdx Cd where Cd payoff in down scenario

recall ingeneral that forcalloptions C max 0 Su K1 Ca max 0Sd k

in thisregionsellerwouldalwaysmakeprofit

E

no riskfreeprofitobligation is exactlymetherewesetupthe

replicatingportfolio optionprice










































































































Optionpriceis C X St with x and x determinedby

Ex t Su x Cu

ex Sde Cd

Note in our previous examplewe have X 4000 2 1000

X 2000 2 0

2000 2 1000 Xz E X 1000

optionprice C X Sx 1000 250011 250

seller borrow1000 get buyer buyoptionfor 250
250 foroptionbuytstockfor
1250

SITI 4000 needtobuyanother tstock buystockfor3000
for2000

upscenario obligationsellastockfor3000 profit iffy
250 750

tobuyer
profit 1000 2000 13000

0

SAI 2000 I stockisnowworth profit 250
downscenario 1000

profit 1000 11000
0

note o onecanbuy t of astock i thisis called fractionalshare
also
e.gfordividendre

investments



Generally weneed to solve ein Sux Ca

ex Sdx Cd

firsteqminussecond Sux Sdx Ca Cd 9

Togetx x e Ca Sdx

é ca d

er Calu
dl d ca cal
a d

et Eden

optionpriceis C X Sx

er Ead

et at

C e pacatp.ca

Note patp E 1

since deerca wehave that Ocpac 1 and O pact

it makessensetocallpurpaprobabilities theyarecalled riskneutral probabilities



Why lookat expectation value of stockat timeT undertheseriskneutral
probabilities I sctlp.pe puSu paSd

su t t Sd

S diderd

Set expected value is thesame asforthe

riskfreebondmarket

remarkable result C et pa a p Ca
is independentof the

probabilities from ourstockmodel

Inwords optionprice discounted expectationvalueof thepayoff underthe

riskneutralprobabilities


