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Quiz4 Problem1
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Ideated

Idea userandom
samplings toapproximateexpectationvalues

Ex binomialtreemodel foroptionpriceof Europeancalls

C É blimp Effect in 1ft

MonteCarlo take m samples ju jmfrombindistribution mean andcompute

InEn f ju.in theempiricalmean or sample average

Thelawof largenumberssaysthat I E flju.nl f
forverygeneralclassesofprobability thrticalexpectation
distributions

Ideahopeof MonteCarlomethod

timeefficient fast sinceonly mean steps are necessarytocompute a

good approximation

interestingidea userandomnessto approximate a deterministicquantity



3 ContinuousTime Models

Emendation
Motivation let us considerthenormaldistributionwithmean 0and variance 1

N M6 formeanµ stddeviation 6Yet standarddeviation

Whichholdsunderveryweakconditions ontheunderlyingprobabilitydistribution inparticular
randomvariablesneedtobeindependent oronlyweaklydependent

Nowconsider arandomvariableX thatis normallydistributed XpW 0 1
III

III

if.fi

m

isdistributedaccordingto

Consider
splitting it intotwo X X X2 s t X andX independentand same

distribution

XandXsame
distribution

Note D II X IX X2 X E X 1 I 2 Xn X hasexpectation0

Howdoesthevariancebehave
and independent samedist

1 Var X Var X X Var X Varlet 2Vault Vark



Competinghighermomentsshowsthat X X is normallydistributed

X is distributed according to W1O kmio1ee
text Vark

botharenormal distributionswithmean0andvariance

so theyare thesame

for u steps it 1 1 var x Var Xi Varki nVark I
Var X

eachXi M Otri v10 11

or calling At X FEW0,11

This motivatesthefollowingdefinition

ER pforfixedt
Wittis arandomvariable

Def A stochasticprocess th WH for t 0 iscalled BrownianMotion BM

or Wienerprocess if

a W O 0 convention

b eachrealization is continuous

c for any Of S csc ct ct theincrements

wife wit and W s Wls are independent

d W f 1 wit is distributedaccordingto Fat N10,11 for all Octate

Note one can indeed show thatsuch a process exists andis unique



Morepictures inpythonnexttime onerealization

Matteianotherrealization
Is that a goodmodelforstockprices

No BM can becomenegative

parameterssimilarto µ
and6 incalibratedbinomialtreearemissing

Solution betterstockpricemodel

Weuse GeometricBrownianMotion GBM SH stole m
It 6Wh

It turnsout seenextHWsheet that thecalibratedbinomial treemodelconverges
for now indeed toGBM

A fewnotes on python implementationof BM

B M Wo 0

W VAT samplefromV10.11

We W FF samplefromV101

inpython AW normal 0 1 size nl.AT vector

W comsum dw vector
containingentriesof cumulative sun



g

ftp awins
awiost tdwines

W EC add 0 at time0

F Tab appends nowvectorbtovector a
a 901am tak b bobut ibe r Taib 901am nakbotbit ibel

ensembleof BMs

dW normal 0 1 size y j
timesteps

ofsamples

W comsum dW axis 1
cumulative sun overnowentries axis 0

wouldbecolumns

addzerovector

Note similarly one can use e.g mean W axis 0
meanoversamples

WE10 selects 10samplepaths plot t weo.gg
ftjjposetoplotnows

seed K ksomenumber givesyou thesame samples samerandomnumbers



Estimates
later want PDEwithrandomness stochasticpartialdifferentialequation SPDE

partialdifferentialequation

tomodelstockmarket DX fdt gdW WBrownian motion

Inordertomakesenseofsuchan equation weneedtoknowhowto
define SgdW be 1 doesnotmakesense BM is notdifferentiable

RecallRiemann sun for Riemann integral

faldt Is It fails ti

to
t to
It tier ti

There are twokindsof stochasticintegrals Hdand Stratonovich

Ito integral

Defined analogously toRiemann sum
randomvariable distributed like

fit duct L É ftp.tAM withJW Wait Witi Fit MQ1
evaluate fat beginning Ft V10 1
ofinterval



StratonovichIntegral evaluate f atmiddleofinterval

f t odwit him flt AW with t tighi
Enotationtodifferentiateit from
Hointegral

NoteOne can showthatthisdefinition is equal to his 5 flting flti SWi

To illustrate their difference considerthefollowingexample

Ex integrateBrownianmotion againstitself withdwitt waw

Note If WHI weredifferentiable we could usethechainrule dW 1 at

Iwaldwith with at Witi It With 211
ButWHIis not differentiable

let us compute byhand

Wetdwitt hisE wait dm his WH witinlwhl
WHIWHHIWH.IT
wait wait Iwai



withdwitt his witial wit i him AW

IÉwWITT telescopesum

Fwiw
Lti lus.ci twiwail wi w

Question Howis ItAW distributed

Weknowthat II SW At I recallthat Swarm0,1
VaulAwi LAW

IEEE

I Wil I T

Whataboutvariance

Var ÉAW Fi AWAWi ILIFFE

AW EgAWAW 1 SwiandAnyindependent

oneca.coputeTEfEOTTETElAWAwjtIulu 11 I oct

oh

Variancevanishes in thelimit no AW T a constant

a deterministicprocess



Conclusion Waldwit WIT ET differentfromusualintegral

let'sconsider sameexample asbeforewiththeStratonovichintegral

witlodwit hisId wit wain w til

fwan.tw t w t wait Wan wit

Similartobefore W t whit t t t

I tutti l WH t try fifty
andvariances vanishes

Whoduit WIT I I WIT Ias wewouldexpectfrom

regularcalculus

In comparison

Stratonovich much nicer properties moresimilar tousualintegration
but ineachstep functionis evaluated inbetweentie andti

undesirable for some SPDEs

Itd technically abit harder tohandleresultsdifferentfromregularcalculus

but at each ti f is evaluatedand an incrementis added

thisiswhat wewantfor stockmarket SPDE later



Pythonhints forHw6

GBM SH Scotexp m E 6Wh

Scotexp m E E'At 6ErAwi

5101 It exp m E At 61W

5101 comprod

11 forProblem2
pathsfrombinomialtree hints random sample M N gives

randomsample

from 0,1 with uniformprobability

or lookat choice fat

Problem3 onlyneed S T neednotgenerate fullpaths

SIT Soexp m EIT GWITI
randomvariable FM 10,11

WCT WITI WOI

Problem4 W dwo dW due
W W W W WsWe



How.GE mliIt
Strat W W Wo Ws Wa Wa

recall Wta b ine notation

For exercisejust lookat one realization
Mhtynnyffnimfi.fi

Use cunsum to beable to plot wisids against t


