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Leetefinitediffeces
In orderto solvePDEs suchas theBlack Scholeseq we needtodiscretize S t

needtointroduce artificialboundarycondition

initial conditionCCS.tl payoff

if it t

boundarycondition S 0,4 0

What do we use for C Smax f IforEuropeancalls

Weknow C SmaxT max Smax K 0 Smax K Smaxchosenlargeenough

Also C SmaxO Smax Ke rt since riskvanishesas Smax a

Coldchooseinterpolation Smax t Smax ke r't
t

as boundary condition

Other simpler possibilities

C Snax t Smax K

C Smax f Smax justifiedif Smax K

Wehavediscretized OSmax LOT into a grid

Mstepsof size It I t j.lt
N stepsof size As SE S I IS



We abbreviate C sit C Ispace

Then

st IE.fnst.ie It const

tailor
E.it
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Eflt stiffintoism

For the s derivative wecouldchoose

city 01As buthereonecandobetter

Taylor
C sitts si As As f s 011s l

Cls As Isil As Asp s 011s z

11 121 sitAsl Cls As 2 As 01153

Thecentered derivative 8 011s improvestheerror

Secondderivative 11 121
in 2citein 011,2
As

Sameerrorascentralized

firstderivative



E.ee5 iIiit ifthnti.com t.net solution

letusjust considerthesimple exampleof exponential decay

F Xy 0 yet ye

There are several waystodiscretizetheequation wediscussthetwomostimportant ones

Explicit EulerMethod Xyd rhs evaluatedat j

y y At y 1 At y

Y 1 At Yo

check limo 11 1 1 yo e to
a 1 1 1

At
Inparticular GivenYo we want the y tobedecreasing

So we need that 11 At a 1 ii e ant Ste
1 At 1 At 0 holds anyway

11 XAH 1 At 2 Stela
this is a condition on stability

Herewe need tochooseAt smallenough s t Stc



General conclusion easy towritedown andtosolvefor y intermsof y evenfor

99.5such as
4 yj
At flyi

thereare usuallystabilityconditions e.g It mustbechosensmallenough

forlater It mustbe small enough comparedtoAsorAx

ImplicitEulerMethod
Y

Xy rhsisevaluatedat j 1

y yd Aty y Ist y

y a1st Y
Sohere we need that at

1 which alwaysholds for 7 0

So here the scheme converges unconditionally If fly oneneeds

to locally invertf
General conclusion might notbeso easy tosolve for y intermsofyd and

computationally lessefficientthan explicitschemes

implicit schemes are usuallyunconditionally stable

45ApplicationtotheHeatEquatinman
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bdn
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for B S.eq.itis theotherwayaround givenVIXT solve

for V x 01
bdm T








