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3 Differentiation in OneVariable

3 2 Theoremsand Applications

TopicforWeek5A TheoremsofDifferentiation

Today we discussseveraluseful theorems thatholdfordifferentiablefunctions

Similarto theExtremeandIntermediateValueTheorems for continuous functions

Westart with

Theorem let f ab IR bedifferentiable If f has amaximumor fit
minimumat c lab then f 4 0

Proof Weconsiderjustthecasewhere fhas a maximumat cThenflath flat for
small enough h Then

114,0 flat so so also
differentiable

fuco flat 20 so also
fifferentiable

Since f a O and f 120 musthold we conclude flat 0



NoteThe otherwayaround doesnothold Eg fix x has a fix x
flat 3 i e f 101 0 but flh so thso and flkkotkoifffqt.ie
so f doesnothave a max orminat 0

Theorem Rolle let f ab R becontinuousand

differentiableon aib If f a f b then thereexists a ftp.f
se ab s t f c 0

Proof Since f is continuous onTaib theExtremeValueTheoremapplies i e f has itsmaxand
min inTaib Sinceflat f b at leastoneof themliesin ab unless f const where

f 0 holdsanyway so theprevioustheoremappliesandprovestheresult

What if f a f b Weshift f linearlyandreducetothepreviouscase

Def h x f x1 fla x a Thenh a 0 4 b

SoRolle'sthm implies elab sit 0 hlet f let_ft

f a fit Efal
Wehaveproven Fc

Theorem lagrange or MeanValueTheoremMUTI

let f Tab IR becontinuous anddifferentiable on lab Thenthereexists

celaibls.t.fial fttf



Example let f x Luk andconsidertheinterval fix Sinef x theMVTsays

cellixls.t.fi al 1 4 he s wk

Fromthiswe caninfer Sinceco 1 lulx ax 1 x 1

Sime cax link 1 x 1

Luk

AnotherimplicationoftheMVT

If f 1 120 then f is increasingon laib
If f x 0 then f is decreasingon a b
Why x x elab with xixe relaxed sit

thenflat fail
If so thenfixel f n

NextMVT for twofunitions Useglblandglal insteadof band a above

Def Ix f1 1 fla galglal Then I a 0 Tlb

SoRolle'sthm implies a elab sit 0 I'll f let glialft
fiff assumingg c 0

Can glbl g
a Not if weassumeg1 1 0 xe lab

It follows



Theorem Cauchy let f gTa
b IR becontinuousanddifferentiable on lab withg140

xe lab Thengla glbt and celaibls.t.gl

Animportant consequence is

Theorem 1 Hospital'sRule let fig ab IRbedifferentiablewith 94 1 0 xe ab

If relaibls.t.fi fix1 0 figglxt then time him

This rulecanbe generalized to
onesided limits

flatght a insteadof01
a A

fignot differentiablein a bt time exists

Example Limosit fig 1


