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8 FourierSeries

TopicforWeek 1431 Convergenceand ApplicationsofFourierSeries

Lasttime Suppose f 0,2m with flo f 2011 is Riemannintegrable

Then wedefineitsFouriercoefficients as Fn 21 e
i fieldsanddefineits

Fourierseries as Ff1 1 Esfuelk
Question Inwhatsense does Ff x converge to fix

Weanswerthiswithhelpfrom Linear Algebra ein ne shouldbeatÉ the
vector

spaceof functions f 0,2m withflo flare withdotscalar product

figs 21 Fixgaldx and normlength 11711 Ffs tiffin
Wecanhopefor 11Infneik fix 0 sinceEsf e is simply a delomposition

of f wit thebasis e kez Thedifficulty isof coursethat ke i e we are

dealingwith an infinitedimensionalvectorspace



let us seehowthisworks First notethat

llf E.nfneu.lt af Enfuenif E.nfnew

Etififfi.fi tIiEnEnt ift
If Either.tl l1fl1 Enlfu1

As a corollary we getBessel's inequality Is fuel's lift Ifail dx

the.LI h Ig
E ital Parseralidentity

ForExample A fromlastsession wefind 11 11 dx and

E Hat f El I
see HWirseresultsfromFx B

i.e theFourierseriesconvergesto f in meansquare

Ingeneral wecanapproximateanyRiemannintegrable fbysuchsquarepulses whichleadsto
thefollowingresult

Theorem let f 0,2 f101 flat beRiemannintegrable
Then I f Infuel 0 ie Is fine fix in mean square

Weomit theproofhere



let us mentiontwo morepropertiesoftheFourierseries Suppose f is piecewisecontinuos and

piecewisedifferentiableb thas a discontinuityatXo
Ñpg

Then

E tie tffff.fifff
aswe sawinExampleA

Gt
g flx.tl

fix bethe gapatthediscontinuity

Then Eifne To flx.lt g
a with a 0.089

and E fne x x a
To fix it go

Near a discontinuity theFourierseries is 9 off This is called Gibbsphenomenon

Emitting E.in

Wecan checkthisdirectlyforExample Awith a a flx.tt 0 g 11

Infneikkx.ee If E sin kx.tk
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Finally let us comebacktotheendof theWeek 13B sessionThere we consideredthe
PDE K

0 O x L to 0 with boundary conditions u t x 0 0

and a t x L 0 andinitialcondition ult 0 x no x

Weusedseparationofvariablestoconcludethat

ultext É snauHit EicheÉ sinnext

withsome coefficients onsatisfies thePDE andhastherightboundaryconditions

NowFortheinitial condition weneed aft 0 x Etensin Ext now for
anygiven9.11 with 4010 0 no 4

From our resultsabove we now know the inmustbetheFouriercoefficientsofdo1 1
In detail

not sin x dx Ecasin x sin Ex dx

Écu sinExsintExldx

2 22 sinknky sin2anydy 22
if kn kinal

O else
Cn

c nowsin x dx

The solutionto the PDE is

ultext ET Sinolysinthey dy e sinnext



Alast remark OnecanalsodefinetheFouriertransform forfunctions f P or

even f R ThentheFouriertransformis flk 2n fixle dx andthe

function f canberepresented as fix 12m flkle dk Thisisveryusefulto
studyPDEs in infinitedomainssuchas IR butone needsmore advanced techniquesfor

discussingthis


