































































AnalyticalMechaniss

Prof SorenPetrat ConstratorUniversity

lecturenotes fromFall2026

Session2

Review Gui Civitaandcrossproduct

In n3 crossproduct overrightharpoonrtimesoverrightharpoonssum_ijk13varepsilonijkrjskhatei
overrightharpoonrtimesoverrightharpoons Edideanbasisvectorindirectioni

overrightharpoons
i th coordinate

overrightharpoonr hateileftbeginmatrix0vdots010vdots0endmatrixright
frighthandrlet

oriented area leftoverrightharpoonrtimesoverrightharpoonsrightleftoverrightharpoonrrightleftoverrightharpoonsrightsinvarphi varphianglebetween
overrightharpoonrandoverrightharpoons

direction
orthogonalnormaltothearea

leftleftoverrightharpoonrtimesoverrightharpoonsrightcdotleftoverrightharpoonroverrightharpoonsright0right check

orientedvolume overrightharpoonAcdotleftoverrightharpoonBtimesoverrightharpoonCrightoverrightharpoonBcdotleftoverrightharpoonatimesoverrightharpoonArightoverrightharpoonccdotleftoverrightharpoonAtimesoverrightharpoonBright

note overrightharpoonAtimesleftoverrightharpoonBtimesoverrightharpooncrightoverrightharpoonBleftoverrightharpoonAcdotoverrightharpooncrightoverrightharpooncleftoverrightharpoonAcdotoverrightharpoonBrightHw

Coordinatesystems

Cartesian XinmathbbRYinmathbbRzinmathbbR volumeelement dVdxdydz

polarcoordinates gammainmathbbR0left0inftyright Qinleft02piright volume arealelement dArdvdvarphi

wedgeYhateQ
xrcosvarphiYvsinvarphihater ii e leftbeginmatrixXYendmatrixrightoverrightarrowphileftrvarphirightleftbeginmatrixrcosvarphirsinvarphiendmatrixrightr

i74 x

inverse leftbeginmatrixVQendmatrixrightoverrightarrowPhi1leftXYrightleftbeginmatrixsqrtx211arctanfracyxendmatrixright
x



Recall JacobianJ 1 is JPhileftbeginmatrixfracpartialPhi1partialrfracpartialPhi1partialvarphifracpartialPhi2partialvfracpartialPhi2partialvarphiendmatrixright ii e leftJphirightijthetajphii
partialderivativew r f j thargument

Jphileftbeginmatrixcosvarphirsinvarphisinvarphircosvarphiendmatrixright
basisvectors erfracpartialpartialvleftbeginmatrixXYendmatrixrightfracpartialpartialvoverrightarrowphileftrqrightleftbeginmatrixfracpartialPhi1partialvfracpartialPhi2partialvendmatrixrightJphihatex

rhoQfracpartialpartialQleftbeginmatrixXYendmatrixrightleftbeginmatrixfracpartialPhi1partialvarphifracpartialPhi2partialQendmatrixrightJphihatai
Rightarrowar1 s

lceilo
in

S

aa

avarphileftbeginmatrixrvendmatrixright 1
normalizedbasisvectors hatevfracerleftavrightleftbeginmatrixcosvarphisinvarphiendmatrixright

leftavrightlengthof evsqrtrhovcdotev

leftleftrhovarphirightsqrtv3sin2varphir2cosvarphigammarighthatavarphifraca4lefte4rightleftbeginmatrixsinvarphicosvarphiendmatrixright
volume area element dAleftdetJvarphirightdvdvarphirdrdvarphi

leftdetleftbeginmatrixcosvarphivsinvarphisinvarphivcosvarphiendmatrixrightright
leftvcos2varphivsin7varphirightr

Note hatev hatek changewithposition
badat origin o itmapsto as many coordinates left0aright



Cylindrical1301 nuinmathbbR0zinmathbbRvarphiinleft02piright
hatlthatlvwedgerhohatvarphi

7leftbeginmatrixXYZendmatrixrightleftbeginmatrixgammacosvarphigammasinvarphiZendmatrixright 1varphi

z

volumeelement dVrdrdydz check

Spherical 3d rinmathbbR0varphiinleft02pirightthetainleft0piright
Lambda

backslash

4 7r
ominus

backslashleftbeginmatrixXYZendmatrixrightleftbeginmatrixgammacosvarphisinthetagammasinvarphisinthetagammacosthetaendmatrixright
volumeelement dVvdvdysinthetadtheta

Afew remarks about manifolds

Manifold spacethatis locally Euclidean leftmathbbRnright
aHasdouffand2ndcountabletopologicalspace

continuousandbijective homeomorphismMoreprecisely chart phiiUirightarrowmathbbRnprofline

M

atas setofchartss.t UiUiM and phiijphiicircphij1mathbbRnrightarrowmathbbRn smooth

oftendiffable



Interestingmanifolds in classicalphysics

Euclideanspace
mathbbR2 1mathbbR3

2d sphere s2 needatleasttwochartstocover s2

E.g usestereographicprojection
MinkowskispacetimemathbbR31mathbbR4 withmetric gleftbeginmatrix101101endmatrixright
Configurationspace CmathbbR3n spareofall n particlepositionsinmathbbR3
Moregeneralspaceofall degreesoffreedom e.g apartiileson sphere cleft52right4
Phasespace TC For uparticles in Euclidean spacemathbbR6n spareofallpositionsandmomenta

later Has a veryimportant naturalstructure symplesti form

Symmetry
groups

onecanidentify continuous symmetrieswithmanifolds


